We apply the linear sigma model to nuclear matter with finite nuclear density. Although the linear sigma model has no repulsive interaction, we introduce vector meson contributions to satisfy the saturation property of the nuclear matter. We also consider a nucleon mass term, scalar meson mass terms, and a sigma meson-chiral loop interaction, which are not chiral invariant, in addition to chiral-invariant higher-power chiral loop terms. The bulk properties of the nuclear matter are estimated on the assumption of sigma meson condensation. The parameters introduced in this model are determined such that the energy per nucleon of the system realizes its minimum at the normal nuclear density, ρ B = 0.19 /fm 3 (the Fermi momentum p F = 278.5 MeV/c), with the value −15.75 MeV, and the incompressibility is given by K ∼ 200 MeV. With these parameter values, the effective pion mass squared is often negative at low densities. A negative pion mass squared implies the existence of a pion classical field. Here, we do not consider the pion condensed state, and therefore we seek parameter values that result in a positive pion mass squared at normal density. §1.
§1. Introduction
The linear sigma model of Gell-Mann and Lévy is a fascinating model for describing a system consisting of nucleons and mesons that satisfies CVC and PCAC. 1) In this model, the nucleon and meson masses are obtained from the sigma meson classical field, and the nucleon-scalar meson coupling constant is determined so as to reproduce the experimental nucleon mass. However, applying this model, along with the repulsive vector meson contributions, to nuclear matter, we cannot obtain the appropriate binding energy at normal nuclear density, because the nucleon-meson coupling constant cannot vary. For the purpose of reproducing a binding energy of 15.75 MeV per nucleon at the normal nuclear density ρ B = 0.19 /fm 3 (the Fermi momentum p F = 278.5 MeV/c), in some studies an additional scalar meson 2), 3) or scalar-vector interaction terms 4) have been introduced. Another problem concerns incompressibility. Parameter values that reproduce an appropriate binding energy at normal nuclear density often result in large values of the incompressibility. In order to resolve this problem, higher-order terms of the chiral loop 4) or scalar-vector interaction terms 3) have been considered.
Many studies have ignored the pion contribution, because of the parity conservation of the nuclear ground state. However, sometimes the chiral partner (pion) of the sigma meson has significant effects. One example of this is the effective pion mass. The pion mass in the linear sigma model is determined using the sigma meson classical field, and it depends on the nuclear density of nuclear matter. The effective pion mass squared is often negative in the linear sigma model 6) and its extensions. This implies that the existence of pions decreases the energy of the system, and we cannot ignore the pion classical field in this region. Here, we seek solutions with positive pion effective mass squared at normal nuclear density, because our calculations are performed by considering sigma meson condensed nuclear matter.
We extend the linear sigma model by including some chiral breaking terms. Some of the parameters introduced are selected so as to reproduce PCAC and the nucleon and meson masses. Others are selected such that the nuclear matter has the minimum energy per nucleon E = −15.75 MeV at the normal nuclear density, an incompressibility K ∼ 200 MeV, and a positive value for the pion mass squared. §2. Extended chiral loop model First, we introduce a vector meson ω µ into the linear sigma model by making the replacement
and adding its kinetic energy term. We also include chiral-invariant higher-power chiral loop terms (σ 2 + π 2 − Af 2 π ) in the model. 4) The Lagrangian density is then given by
where
Here, ψ is the nucleon field, σ is a scalar-isoscalar meson (sigma), π is a pseudoscalarisovector meson (pion), and ω is a vector-isoscalar meson. The quantities, g σ , g ω , C 2 , C 3 , C 4 , A, B, and f π are constants to be determined. This Lagrangian is chiral invariant, with the exception of the linear sigma term, Bf 3 π σ. With the above model, we cannot reproduce a binding energy of 15.75 MeV per nucleon at the normal nuclear density ρ B = 0.19 /fm 3 and incompressibility K ∼ 200 MeV 5) with a positive value of the effective pion mass squared. The masses of the free nucleon, M N , pion, m π , sigma meson, m σ , and omega meson, m ω , along with the PCAC, determine the constants as g σ = M N /f π , g ω = m ω /f π , and B = m 2 π /f 2 π , where f π is the pion decay constant. The constants C 3 and C 4 are also given as functions of C 2 , A, B, and the scalar meson masses. Hence, this model has two free parameters, C 2 and A, to adjust three properties of nuclear matter (the normal density, binding energy, and incompressibility), and to make the pion effective mass squared positive. (If we consider the sigma meson mass m σ to be a free parameter, because it is not determined experimentally, we have three free parameters.)
Because g σ is set to M N /f π , it is difficult to vary the important attraction factor, which is reflected in the nucleon effective mass. In some studies, this rigidity has been avoided by the introducing another scalar meson. 2), 3) Here, we introduce a residual nucleon mass term, ∆M ψψ. Note that this term is not chiral invariant.
When the vector meson is introduced as in Eq. (2 . 1), the free vector meson mass m ω determines the coupling constant as g ω = m ω /f π . This implies that the repulsion induced by the vector meson interaction is fixed, and we cannot vary it. In order to avoid this drawback, we introduce a chiral symmetric vector meson mass term in the form C ω f 2 π ω µ ω µ . The pion mass is given by a function of the sigma meson classical field, as shown below, and we set the pion mass to the experimental value, m π , at zero nuclear density. Because the sigma meson classical field, σ , depends on the nuclear density in nuclear matter, the effective pion mass, m * π , in nuclear matter depends on the nuclear density, and m * 2 π becomes negative at low nuclear densities. We include a pion mass term C π f 2 π π 2 and sigma meson mass term C σ f 2 π σ 2 in order to keep m * 2 π positive at normal nuclear density. These terms also break the chiral symmetry unless C π = C σ . We also include σ-σ 2 and σ-π 2 interactions through the expression Df π σ(σ 2 + π 2 − Af 2 π ), which is not chiral symmetric. The parameters ∆M , C π − C σ , and D of these chiral breaking terms should be as small as possible, and they are required to satisfy PCAC of the mean field approximation.
The Lagrangian density of our model is given by
where ∆M , C ω , C σ , C π , and D are constants to be determined. As discussed in §4, this Lagrangian includes eight free parameters to determine the nuclear properties. The last two lines of Eq. (2 . 4) contain the chiral breaking terms. The Dirac equation is given by
and the Klein-Gordon equations for the scalar mesons are
and
The Proca equation for an omega meson is given by
This system is invariant under isospin rotation; that is, the vector current is conserved. However, it is not invariant under chiral transformation, and the dispersion of the axial vector current is given by
When C σ = C π , the scalar meson mass terms are chiral invariant. The Hamiltonian density corresponding to the Lagrangian (2 . 4) is given by
We apply a mean-field approximation to the Hamiltonian density (2 . 10). First, we consider expectation values of the nuclear ground state, and the meson fields are replaced with their classical fields. The meson classical fields are assumed to be uniform in space and time. We require the mean-field Hamiltonian to be a minimum for the sigma meson classical field σ . This gives an equation of the same form as Eq. (2 . 6) for the mean field approximation:
Here, we have set
because of the parity conservation of the nuclear ground state. We assume
Also, the vector meson classical field is assumed to obey the equation of motion (2 . 8):
The simultaneous solution of the equations (3 . 1) and(3 . 4) provides σ and ω as functions of the nuclear density.
Replacing the meson fields in the Lagrangian density (2 . 4) with their classical fields and quantum fluctuations as
we define the effective nucleon mass as
and the meson masses squared as
When the nuclear density ρ B = ψγ 0 ψ is zero, Eq. (3 . 4) yields the conditions
where 0 indicates a classical field at the nuclear density 0. If we apply the first condition to the omega meson mass squared in Eq. (3 . 11), we obtain
The omega meson mass is not zero at zero nuclear density, and therefore we must consider
The conditions in Eqs. (3 . 1) and (3 . 13) guarantee that the first-order and secondorder terms of the meson quantum fluctuations, except the mass terms, vanish at zero nuclear density. §4.
Determination of constants
The decay of a charged pion,
The divergence of its Fourier transformation is
where f π = 93 MeV is the pion decay constant. Comparing this with Eq. (2 . 9), we obtain
Using Eqs. (3 . 1), (4 . 3) and the pion mass square equation (3 . 9) at zero nuclear density, the following conditions are obtained:
The latter condition leads to a vanishing pion mass squared at zero nucleon density. Thus, we set
From the nucleon mass at zero nuclear density, we obtain
where M N is the nucleon mass at zero nuclear density:
We can treat g σ as a parameter, and ∆M is determined by Eq. (4 . 7).
With parameter g ω , C ω is given by the omega meson mass, m ω , at zero nuclear density as
The pion mass in Eq. (3 . 9) at zero nuclear density with σ 0 = −f π yields
Here, we treat A, B, D, and C π as parameters, and C σ is determined with these parameters. When A = 1, Eqs. (3 . 1) and (3 . 10) at zero nuclear density with σ 0 = −f π and ω 0 = 0 yield
where m σ and C 2 are parameters. Thus, we can use the eight free parameters, namely, g σ , g ω , C 2 , C π , A, B, D, and the sigma meson mass, m σ , to adjust the three nuclear matter properties and to make the effective pion mass squared positive. For A = 1, we obtain
13)
In this case, C 2 is determined by the parameters B and D, while C 3 and C 4 are free. Then, we have seven free parameters, g σ , g ω , B, D, C 3 , C 4 , and m σ . §5.
Energy of the system
The Hamiltonian (2 . 10) with meson classical fields is given by
Because this is the Hamiltonian for free nucleons with mass ∆M − g σ σ , the energy of the system is calculated using the Fermi gas nuclear state as
where V is the volume of the system. Subtracting the remaining constants at zero nuclear density and dividing by the nucleon number, N (N/V = ρ B ), we obtain the energy per nucleon, E. We determine the parameter values for E to have a value of −15.75 MeV at the normal nuclear density (p F = 278.5 MeV/c). Furthermore, we select the parameter sets so as to reproduce the incompressibility
where ρ 0 = 0.19/fm 3 is the normal nuclear density. In the Fermi gas state, the scalar density is
and the nuclear density (baryon density) is
For any p F , the quantities σ , ω , and M * are determined by simultaneously solving Eqs. (3 . 1), (3 . 4), and (5 . 4) consistently. §6.
Numerical calculations
The experimentally determined constants are the charged pion decay constant, 
The sigma meson classical field, σ , depends on the nuclear density, and it must satisfy σ 0 = −f π at zero nuclear density.
Case in which A = 1
In this case, the constants are given by
along with seven adjustable parameters, g σ , g ω , B, D, C 3 , C 4 , and m σ . Thus, we have too many parameters to determine the three nuclear matter properties and the positive effective pion mass squared. Therefore, we first select parameters without specific chiral-breaking terms.
If we set ∆M = 0 (without the chiral-breaking nucleon mass term), g σ is fixed as M N /f π = 10.096. In this case, we cannot obtain solutions for m σ > 800 MeV, while we can find solutions with E = −15.75 MeV at the normal nuclear density for m σ < 800 MeV. However, all these solutions yield an incompressibility considerably and (6 . 12) and the free parameters are g σ , g ω , C 3 , C 4 , and m σ . The solutions with E = −15.75 MeV at the normal nuclear density yield very small incompressibilities. When we change C 4 from 0.1 to 10, the small incompressibility changes little.
In the case that ∆M = 0 and C σ = C π , we can obtain some parameter sets that reproduce E = −15.75 MeV at the normal nuclear density with incompressibility K ∼ 200 MeV. We investigated g σ ranging from 1 to 15 and C 4 from 0.1 to 100. The results for some solutions are listed in Table I for D = 0 (without the sigma mesonchiral loop interaction) and m σ = 700 MeV. However, in these cases the effective pion mass squared is negative at the normal nuclear density. Here, p C is the critical Fermi momentum at which the effective pion mass squared, m * 2 π , is positive; that is, m * 2 π becomes negative above p C . Table I . Solutions with A = 1, D = 0, and m σ = 700 MeV. Finally, we investigated the D dependence. As shown in Table II , the results depend very little on the value of D.
From the results discussed above, we find that we cannot obtain good solutions with A = 1 to reproduce the energy, incompressibility, and positive pion mass squared. The tendency of the solutions suggests that there is no good solution, even in the region we investigated.
Case in which
In this case, the parameters are g σ , g ω , A, B, C 2 , C π , D, and m σ , and the other constants are given by
14) Table VIII . D dependence with A = 0.8 and m σ = 600 MeV. Further, we added nucleon mass, meson mass, and sigma meson-chiral loop interaction terms. The calculations were performed assuming a sigma meson condensed Fermi gas nuclear state.
With A = 1, we were unable to reproduce nuclear matter with an energy per nucleon of E = −15.75 MeV, incompressibility K ∼ 200 MeV, and a positive value of the pion mass squared at the normal nuclear density ρ B = 0.19 /fm 3 (the Fermi momentum p F = 278.5 MeV/c). Some solutions reproducing good nuclear bulk properties yield negative values of the pion mass squared at the normal nuclear density. A negative value of the pion mass squared implies pion condensation at that density.
By contrast, with A = 1, we were able to obtain good parameter sets. Because the number of free parameters is greater than the number of nuclear matter properties to be determined, we can obtain some parameter sets, but we cannot adjust the parameter values in the case C σ = C π . The nuclear bulk properties were reproduced without the nucleon mass term (∆M = 0) and sigma meson-chiral loop interaction term (D = 0); however, in this case, we must consider the original sigma meson mass, m σ , at zero nuclear density to be fairly large. If we include the nucleon mass term and scalar meson mass terms, some parameter sets with both D = 0 and D = 0 reproduce good nuclear bulk properties for m σ ∼ 600 MeV.
